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Abstract
Gordon introduced a class of matroids M(n), for prime n ≥ 2, such that M(n) is algebraically
representable, but only in characteristic n. Lindström proved that M(n) for general n ≥ 2 is not
algebraically representable if n > 2 is an even number, and he conjectured that if n is a composite
number it is not algebraically representable. We introduce a new kind of matroid called a harmonic
matroid of which the full algebraic matroid is an example. We prove the conjecture in this more
general case.
© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
An algebraic representation over a field F of a matroid M is a mapping f from the
elements of M into a field K , which contains F as subfield, such that a subset S is
independent in M if and only if | f (S)| = |S| and f (S) is algebraically independent over F .
Let F and K be two fields, such that F ⊆ K . Assume that F and K are algebraically
closed and K has finite transcendence degree over F . Then those subfields of K which are
algebraically closed and contain F form the flats of a matroid. We call this matroid the
full algebraic matroid A(K/F). A set S ⊆ K is independent in this matroid if and only
if its elements are algebraically independent over F . Therefore, a full algebraic matroid
A(K/F) of rank 3 consists of the field F (the flat of transcendence degree 0 over F),
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atoms (flats of transcendence degree 1 over F), lines (flats of transcendence degree 2) and
a plane, which is the field K (since K is of transcendence degree 3 over F).
Gordon introduced a class of matroids M(p) of rank 3 with p ≥ 2 a prime and proved in
1986 [4] that M(p) is algebraically representable. We state his result formally as follows.
Theorem 1 ([4, Theorem 2]). If p is a prime, then M(p) is algebraically representable
over a field F when and only when the characteristic of F is p.
Lindström [3] generalized the concept of harmonic conjugate from projective geometry.
He used this concept to show that certain matroids M(n) that generalize Gordon’s matroid
to every n ≥ 2 are not algebraically representable if n is even and n ≥ 4. He conjectured
that if n is a composite number, then M(n) is not algebraically representable [1]. We prove
that this conjecture is true.
Theorem 2. M(n) is algebraically representable if and only if n is a prime number.
Anyone familiar with the complete lift matroid L0(GK3) [8] (which we define in
Section 2) should be interested in the following corollary.
Corollary 3. Suppose that G is a finite abelian group. Then L0(GK3) is algebraically
representable over a field F of characteristic p when and only when G is a subgroup of
the additive group of F.
We are interested in L0(GK3), because L0(Zn K3) contains M(n). Any algebraic
representation of M(n) extends to one of L0(Zn K3) and the representation of L0(Zn K3)
is well understood [9].
The method of harmonic conjugation generalizes to representation in many other
matroids, including all projective planes that satisfy the little Desargues theorem (a weaker
form of Desargues’ theorem) and full algebraic matroids. Lindström used this method
to construct many algebraically nonrepresentable matroids. We will use it here in many
proofs. One can construct a projective plane in full algebraic matroids using harmonic
conjugation. The study of this object is, however, left to another paper.
2. Kinds of matroids
We say that a matroid H is a harmonic matroid if whenever a configuration as in Fig. 1
exists in H , then there exists a unique point x ′ in H such that, for every configuration in
H of the form in Fig. 2, the points p′, r ′ and x ′ are collinear. The point x ′ is called the
harmonic conjugate of x with respect to y and z. If x = x ′, we say that x is self-conjugate
with respect to y and z.
We define HP(y, x, z; p, q, r, s) to mean that the points y, x, z, p, q, r, s form a
submatroid of H that has the configuration in Fig. 1.
Let us introduce a couple of examples of harmonic matroids. One is a Desargues
plane. More generally, a little Desargues plane is a harmonic matroid; this is a projective
plane whose ternary ring is an alternative ring [6]. In projective planes the definition of a
harmonic conjugate does not require uniqueness. It is known that, given three collinear
points in any projective plane, a harmonic conjugate of one point with respect to the
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Fig. 1. The dashed line means that p, x, r can be collinear.
Fig. 2. The dashed line means that {p′, r ′, x ′} is a new line resulting from harmonic conjugation.
other two points always exists, but it is not necessarily unique. For a projective plane
where the Fano configuration does not occur, all harmonic conjugates in the plane are
unique if and only if the plane is a little Desargues plane [6, Theorems 5.7.4 and 5.7.12].
(The Fano matroid or Fano configuration is the matroid in Fig. 2 when x = x ′.) Thus, a
projective plane without a Fano configuration is a harmonic matroid if and only if it is a
little Desargues plane.
Full algebraic matroids are the second example of harmonic matroids. Lindström proved
in [3] that, if the configuration in Fig. 1 holds in a full algebraic matroid A(K/F), then the
harmonic conjugate of x with respect to y and z exists in A(K/F) and is unique. Lemma 4
is a restatement of this fact.
Lemma 4 ([3]). A full algebraic matroid is a harmonic matroid.
Now we will define the matroids M(n) for n ≥ 2. M(n) will be a simple matroid of
rank 3. We need only specify the lines of size of at least three. Any set of two points not
belonging to the same dependent line is also a line. The points are denoted by
a0, b0, a1, b1, . . . , an−1, bn−1, c0, c1, d.
R. Flórez / European Journal of Combinatorics 27 (2006) 896–905 899
Fig. 3. M(4).
The dependent lines are
{a0, a1, . . . , an−1, d}, {b0, b1, . . . , bn−1, d}, {c0, c1, d},
{ai , bi , c0}, {ai , bi+1, c1},
for i = 0, 1, . . . , n − 1, where bn = b0.
The matroid M(4) is depicted in Fig. 3.
Note that M(2) is the Fano matroid. Lindström proved in [2] that the Fano matroid is
algebraically representable only in a field of characteristic 2. So this proves Theorem 2 for
n = 2.
Zaslavsky introduced in [8] the complete lift matroid for a group expansion graph.
Let E = {e1, e2, e3} be the set of edges of the complete graph K3. A group expansion
graph GK3 consists of a group G and a gain mapping φ : G × E → G, from the
edges of the underlying graph ‖GK3‖ = (V ,G × E) into a group G. An edge (g, e)
has the same vertices as e. One arbitrarily chooses an orientation of e, say (e; v,w),
to define the gain φ((g, e; v,w)) = g; then the gain of the reversed edge will be
φ((g, e;w, v)) = (φ(g, e; v,w))−1 = g−1. We call a circle (the edge set of a simple
closed path) balanced if its edges’ gains taken in circular order multiply to the identity and
unbalanced otherwise (for references and notation see [8], page 43 and Examples 3.6, 5.8).
This gain graph gives rise to a matroid called the complete lift matroid, L0(GK3), where
the ground set is formed by the edges of GK3 and an extra point D. A subset of L0(GK3)
is dependent if and only if it contains a balanced circle, or two unbalanced circles, or D
and an unbalanced circle.
An explicit description of the complete lift matroid L0(Zn K3) for a group expansion
graph Zn K3, where n ≥ 2, is given as follows. Let e1, e2, e3 be the edges of K3, oriented
so that head(e1) = tail(e3) and head(e2) = head(e3), and let Ai := (i, e1), Bi := (i, e2),
Ci := (i, e3) be the edges of the graph ‖Zn K3‖ for i = 0, 1, . . . , n − 1, such that the
gains are given by: φ(Ai ) = i , φ(Bi ) = i , φ(Ci ) = i for i = 0, 1, . . . , n − 1. Then,
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Fig. 4. L0(Z3 K3).
the dependent lines of the complete lift matroid L0(Zn K3) are given by
{A0, A1, . . . , An−1, D}, {B0, B1, . . . , Bn−1, D}, {C0, C1, . . . , Cn−1, D},
{Ai , Bi+ j , C j },
where i, j = 0, 1, . . . , n − 1 and i + j is calculated modulo n. Any set of two points not
belonging to the same dependent hyperplane is also a line.
The matroid L0(Z3 K3) is depicted in Fig. 4.
3. Embedding in harmonic matroids
In this section we give a characterization for embeddability of L0(GK3) in a harmonic
matroid H . We will use this characterization and the fact that M(n) is a submatroid of
L0(Zn K3) to determine when M(n) is embeddable in a harmonic matroid. This allows us
to say when M(n) is algebraically representable.
Lemma 5. If Zpn is a subgroup of G, where n ≥ 2, then L0(GK3) does not embed in any
harmonic matroid H .
Proof. Assume L0(GK3) embeds in some harmonic matroid H . L0(Zpn K3) is a
submatroid of L0(GK3), because Zpn is a subgroup ofG. The subscripts will be calculated
modulo pn .
For t ∈ {0, 1, . . . , p − 1}, let P(t) be the statement: there exists a point xt+2 ∈ H , such
that, for all i = 0, 1, . . . , pn − 1, {Ai , B(t+1)i, Cti , xt+2} is a set of collinear points, and
also A0, B0, C0, xt+2 are collinear points.
From the definition of L0(GK3) and taking x2 = C0 we can see that P(0) holds.
Now we prove P(1). Since HP(A0, B0, C0; Ai , D, Ci , Bi ) holds for i = 1, . . . , pn −1,
there exists a point x3 in H (the harmonic conjugate of B0 with respect to A0 and C0), such
that {Ai , Ci , x3} are sets of collinear points for i = 1, . . . , pn −1. This and the definition of
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L0(Zpn K3) imply that {Ai , B2i , Ci , x3} are sets of collinear points. This proves that P(1)
is true.
Now we suppose that P(t − 1) and P(t) hold for a fixed t ∈ {1, . . . , p − 2}, and we
deduce P(t + 1).
From P(t − 1) we can see that, for all j = 0, 1, . . . , pn − 1, {A j , Bt j , C(t−1) j , xt+1}
are sets of collinear points. And from P(t) we can see that, for all j = 0, 1, . . . , pn − 1,
{A j , B(t+1) j , Ct j , xt+2} are sets of collinear points. So, taking j = t−1(t + 1)i , the sets
{At−1(t+1)i , C(t+1)i , xt+2}, {At−1(t+1)i , B(t+1)i, xt+1} are formed by collinear points. This,
the inductive hypothesis, and the definition of L0(Zpn K3) imply that
HP(A0, xt+1, xt+2; C(t+1)i, B(t+1)i, Ai , At−1(t+1)i)
holds, for i = 1, . . . , pn − 1. Therefore, we obtain a point xt+3, the harmonic conjugate of
xt+1 with respect to xt+2 and A0, such that {Ai , B(t+2)i, C(t+1)i , xt+3} are sets of collinear
points and {A0, B0, xt+2, xt+3} is a set of collinear points. This proves that P(t +1) is true.
In particular, P(p−1) provides that {Ai , Bpi , C(p−1)i , x p+1} are sets of collinear points
for i = 1, 2, . . . , pn −1. Now, by taking i = pn−1, the points A pn−1, B0, C(p−1)pn−1, x p+1
are collinear (because pn ≡ 0 modulo pn). And using the fact that A0, B0, x p+1 are
collinear points, we get that A0, A pn−1, B0 are collinear, which is a contradiction by the
definition of L0(Zpn K3). 
Lemma 6. If Zp and Zq are subgroups of G, where p < q are primes, then L0(GK3) is
not embeddable in any harmonic matroid H .
Proof. Since Zp and Zq are subgroups ofG, by the definition of a group expansion graph,
we can see that Zp K3 and Zq K3 are subgraphs of GK3, with three edges in common (the
edges whose gains are the identity of the group). Therefore L0(Zp K3) and L0(Zq K3) are
submatroids of L0(GK3). Let
E1 = {a0, b0, c0, a1, b1, c1, . . . , ap−1, bp−1, cp−1}
and
E2 = {a0, b0, c0, A1, B1, C1, . . . , Aq−1, Bq−1, Cq−1}
be two subsets of the edges of GK3, such that E1 and E2 correspond with
the edges of Zp K3 and Zq K3 respectively, where {a0, a1, . . . , ap, A1, . . . , Aq−1},
{b0, b1, . . . , bp, B1, . . . , Bq−1} and {c0, c1, . . . , cp, C1, . . . , Cq−1} are sets of parallel
edges. Suppose that the gains are φ(a j ) = j , φ(b j ) = j , φ(c j ) = j , φ(Ai ) = i ,
φ(Bi ) = i , φ(Ci ) = i .
Suppose that L0(GK3) embeds in some harmonic matroid H . The subscripts with letter
j will be calculated modulo p and the subscripts with letter i will be calculated modulo q .
For t ∈ {0, 1, . . . , p − 1}, let P(t) be the statement: there exists a point xt+2 ∈ H ,
such that, for all i ∈ {1, . . . , q − 1} and for all j ∈ {0, 1, . . . , p − 1}, the following sets
are formed by collinear points: {Ai , B(t+1)i , Cti , xt+2}, {a j , b(t+1) j , ct j , xt+2}, and also
a0, b0, c0, xt+2 are collinear points.
From the definition of L0(Zp K3) and L0(Zq K3) and taking x2 = C0 = c0 we can see
that P(0) holds.
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Now we prove P(1). Since HP(a0, b0, c0; Ai , D, Ci , Bi ) holds for i = 1, . . . , q − 1,
there exists a point x3 in H , the harmonic conjugate of b0 with respect to a0 and c0,
such that Ai , Ci , x3 are collinear points for i = 1, . . . , q − 1. This and the definition
of L0(Zq K3) imply that {Ai , B2i , Ci , x3} are sets of collinear points. Since the harmonic
conjugate is unique and HP(a0, b0, c0; a j , D, c j , b j ) holds for j = 1, . . . , p − 1, the sets
{a j , c j , x3} are collinear sets. This proves that P(1) is true.
Now we suppose that P(t − 1) and P(t) hold for a fixed t ∈ {1, . . . , p − 2}, and we
deduce P(t + 1).
From P(t − 1) we can see that, for all r = 1, . . . , q − 1, {Ar , Btr , C(t−1)r , xt+1}
are sets of collinear points. And from P(t) we can see that, for all r = 1, . . . , q − 1,
{Ar , B(t+1)r, Ctr , xt+2} are sets of collinear points. So, taking r = t−1(t + 1)i , the sets
{At−1(t+1)i, B(t+1)i , xt+1}, {At−1(t+1)i, C(t+1)i , xt+2} are formed by collinear points. This,
the inductive hypothesis, and the definition of L0(Zq K3) imply that
HP(a0, xt+1, xt+2; C(t+1)i, B(t+1)i, Ai , At−1(t+1)i)
holds, for i = 1, . . . , q − 1. Therefore, we obtain a point xt+3, the harmonic conjugate of
xt+1 with respect to xt+2 and a0, such that {Ai , B(t+2)i, C(t+1)i , xt+3} are sets of collinear
points.
Similarly, we can deduce that {a j , b(t+2) j , c(t+1) j , xt+3} is a collinear set. This proves
that P(t + 1) is true.
In particular, P(p − 1) provides that {Ai , Bpi , C(p−1)i , x p+1}, {a j , bpj , c(p−1) j , x p+1}
are sets of collinear points, for j = 1, . . . , p − 1 and i = 1, . . . , q − 1. Taking i = j = 1,
{A1, Bp, C(p−1), x p+1}, {a1, bp, c(p−1), x p+1} are sets of collinear points. As bp = b0, it
follows that x p+1 = b0. This implies that A1, Bp, C(p−1), b0 are collinear points, which is
a contradiction by the definition of L0(GK3). 
Theorem 7. If G is a finite abelian group, then the following statements are equivalent.
(a) L0(GK3) embeds in some harmonic matroid.
(b) G = (Zp)n, where p is a prime number and n ≥ 0.
(c) L0(GK3) is algebraically representable.
Proof. IfG = (Zp)n , then by Lemmas 5 and 6, L0(GK3) does not embed in any harmonic
matroid.
Zaslavsky in [9] proved that L0((Zp)n K3) is linear over a field F , if (Zp)n is the additive
subgroup of F . Since every linear matroid over a field F is algebraic over F [5, Theorem
6.7.10], the matroid L0((Zp)n K3) is algebraically representable over F .
That (c) implies (a) follows from Lemma 4. 
Theorem 8. If G is a finite group such that L0(GK3) embeds in some harmonic matroid,
then G has exponent p for some p prime.
Proof. The proof follows by Lemmas 5 and 6. 
Question. If G is a finite group with exponent p, not isomorphic to (Zp)n for n ≥ 1, is it
possible for L0(GK3) to be embeddable in some harmonic matroid?
Now we compare the embeddability of M(n) with the embeddability of L0(Zn K3).
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Lemma 9. Any embedding of M(n) in a harmonic matroid H extends uniquely to an
embedding of L0(Zn K3) in H .
Proof. Identifying ai , bi , c j , and d in M(n) with Ai , Bi , C j and D in L0(Zn K3),
respectively, for i = 0, 1, . . . , n − 1 and j = 0, 1, we can see that M(n) is a submatroid of
L0(Zn K3). The subscripts will be calculated modulo n.
For all j ∈ {1, . . . , n − 1}, let P( j) be the statement: there exists a point c j ∈ H , such
that, for all i = 0, 1, . . . , n−1, ai , bi+ j , c j are collinear points, and d, c0, c1, . . . , c j−1, c j
are collinear points.
By the definition of L0(Zn K3), we can see that P(1) is true.
Now we suppose that for a fixed j ∈ {1, . . . , n − 2}, and for all s = 1, . . . , j , P(s)
is true. This and the definition of M(n) imply that HP(c j , c j−1, D; ai , bi+ j , bi+ j+1, ai+1)
holds, for i = 0, 1, . . . , n − 1. Therefore there exists a point c j+1 (the harmonic conjugate
of c j−1 with respect to c j and D), such that ai , bi+ j+1, c j+1 are collinear points. Hence
d, c0, c1, . . . , c j , c j+1 are collinear points. This proves that P( j + 1) is true.
Let M ′(n) be the extension of M(n) by {c2, . . . , cn−1}, where the dependent lines are
given by the definition of M(n) and by the above procedure.
Identify the c j in M ′(n) with C j in L0(Zn K3), for j = 0, 1, . . . , n − 1. We
can see that the dependent lines {ai , bi+ j , c j } and {c0, c1, . . . , cn−1} are in one-to-
one correspondence with the dependent lines {Ai , Bi+ j , C j } and {C0, C1, . . . , Cn−1} in
L0(Zn K3), respectively, for i, j = 0, 1, . . . , n−1. Now, it is easy to see the correspondence
between all other flats of M ′(n) and the flats of L0(Zn K3). So M(n) extends to L0(Zn K3)
in H .
The uniqueness holds because the harmonic conjugate is unique. 
Theorem 1 and Lemma 4 imply that M(p) embeds in a harmonic matroid H if p is
prime. As a natural question we ask: Does M(n) embed in a harmonic matroid, if n is
composite? The answer to this question is stated formally in the following theorem.
Theorem 10. If n is composite then M(n) does not embed in any harmonic matroid.
Proof. Assume that M(n) embeds in a harmonic matroid H . By Lemma 9, the embedding
of M(n) extends to one of L0(Zn K3). So the conclusion follows by Theorem 7. 
Lindström’s conjecture follows from Theorems 1 and 10, as is shown in the following
proof.
Proof of Theorem 2. By Theorem 10, M(n) is not embeddable in a harmonic matroid
when n is composite; therefore M(n) is not algebraically representable.
From Theorem 1, if n is a prime number, then M(n) is algebraically representable. This
completes the proof. 
Proof of Corollary 3. IfG is a subgroup of F+, then L0(GK3) is linear over F [9]. Since
every linear matroid over a field is algebraic over the same field [5, Theorem 6.7.10], the
matroid L0(F+K3) is algebraically representable over F .
Since the characteristic of F is p, the matroid L0(Zp K3) is a submatroid of L0(F+K3).
By Lemma 9, M(p) is a submatroid of L0(Zp K3). So the conclusion follows by
Theorem 1. 
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4. Characteristic sets
Define the linear characteristic set, χL(M), to be the set of field characteristics over
which the matroid M is linear. Similarly, define the algebraic characteristic set, χA(M),
to be the set of field characteristics over which the matroid M is algebraic. The reader can
find in [5, Section 6.7, Exercise 7 (ii)] that, if 0 ∈ χL(M), then χA(M) = {0, 2, 3, 5, . . .}.
Corollary 11 shows that the point D in the definition of L0(Zn K3) is crucial for the
characteristic set. The lift matroid L(Zn K3) [7] of the group expansion graph Zn K3 is
L0(Zn K3) \ D, for n ∈ Z>0.
Corollary 11. Let L(Zn K3) and L0(Zn K3) be the lift matroid and complete lift matroid
of Zn K3, for n ∈ Z>0. Then
(a) χL(L(Zn K3)) = χL(M(n) \ d) =
{{p prime : p  n} ∪ {0} if n is composite,
{0, 2, 3, 5, . . .} if n is prime.
(b) χA(L(Zn K3)) = χA(M(n) \ d) = {0, 2, 3, 5, . . .}, for n ∈ Z>0.
(c) χA(L0(Zn K3)) = χA(M(n)) =
{{n} if n is prime,
∅ if n is composite.
Proof. For part (b), since Zn is a subgroup of C∗, by [9, Theorem 2.1] the matroid
L(Zn K3) is linearly representable over C. It follows that 0 ∈ χL(L(Zn K3)). So,
χA(L(Zn K3)) = {0, 2, 3, 5, . . .}.
For part (a), let p ∈ {p prime : n | pm − 1, for some m ∈ Z>0} = {p prime : p  n}.
Pick m such that n | pm − 1. Then Zn is a subgroup of G F(pm)∗. Since by [9, Theorems
2.1 and 4.1], L(Zn K3) is linearly representable over G F(pm) if Zn ≤ G F(pm)∗ or
Zn ≤ G F(pm)+, the set {p prime : p  n} is a subset of χL(L(Zn K3)).
Now, suppose that n is composite and that there exists a prime p such that ∀m ∈ Z>0,
n  pm − 1. It follows that Zn ≤ G F(pm)∗. Since n is composite, Zn ≤ G F(pm)+. By [9,
Theorem 7.1], L(Zn K3) is linearly representable over G F(pm) only if Zn ≤ G F(pm)∗
or Zn ≤ G F(pm)+. Therefore, the matroid L(Zn K3) is not linearly representable over
G F(pm). So p ∈ χL(L(Zn K3)).
Suppose that n is a prime number. By the same argument as in the previous paragraphs,
it follows that {p prime : p  n} = {0, 2, 3, 5, . . .} \ {n} ⊆ χL(L(Zn K3)). Since n is prime,
Zn = G F(n)+. So n ∈ χL(L(Zn K3)).
Part (c) follows by Theorem 7 and Corollary 3. 
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